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9( Carr [2] Henry [14]).
, , ( ) . , inertial
manifold .
, Temam [22]) Ninomiya [21]
( 2.3 ).
. , Conway, Hoff, Smoller [6] . , inertial
manifold , .
(1.1) $\{\begin{array}{l}u_{t}=D\triangle u-u+F(u)\frac{\partial_{tX}}{\partial\nu}=0v_{}(0,x)=u_{0}(\lambda)\end{array}$ $(((x\in\Omega,t.>0)x\in\partial\Omega,t>0)x\in\Omega)$
$D=diag(d_{1}, d_{2}, \cdots, d_{n},)(d_{J}>0)$ ,
$u=\{\begin{array}{l}u_{1}\vdots u_{nl}\end{array}\})$ $\triangle=\frac{\partial^{2}}{\partial x_{1}^{2}}+\frac{\partial^{2}}{\partial x_{2}^{2}}+\cdots+\frac{\partial^{2}}{\partial x_{?l}^{2}’}$
$\Omega\subset R^{n}$ . $A$
$D(A)= \{u\in H^{2}(\Omega;R^{rn});\frac{\partial u}{\partial\iota/}(x)=0 (x\in\partial\Omega)\}$
$A=-D\triangle+I$
. $A$ , $A^{-1}$
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, 1 $\lambda_{?n+1}$ $1+’$ ) $F$ ”




Conway, Hoff, Smoller $F$ ,
. $F$ . Maret-
Pallet, Sell , $F$
$C_{F}$ ( ) ,
(1.3) $\lambda_{N+1}-\lambda_{N}>C_{F}$
$N$ , $N$ inertial manifold




(14) $\{\begin{array}{l}u_{t}=D\triangle u-u+F(u)(x\in\Omega,t>0)\frac{\partial u}{\partial\nu}=\epsilon G’(u)(x\in\partial\Omega,t>0)u(0,x)=u_{0}(\prime x)(x\in\Omega)\end{array}$
$\epsilon$ . , Friedman [12] .
, (
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) , $L^{\infty}(\Omega;R^{m})$ $\epsilon$
. $F,$ $G$ $R^{m}$
$\{u\in R^{m}; |u|<R\}$





(1.4) , inertial manifold
. , Lyapunov-Perron
(c.f. [22]) Hadamard (c.f. [17])
. Maret-Pallet, Sell spectral gap
$A$ $F$ .
(1.6) $\lambda_{N+1}-\lambda_{N}>C_{F,R}$
$C_{F,R}$ $F,$ $R$ , $\epsilon$ $G$ . $N$
$P:u arrow\sum_{j=1}^{N}(u, \phi_{j})\phi_{J}$ , $Q=I-P$
$L^{2}(\Omega;R^{m})$ .
, $\epsilon$ , (1.4)
.
1.1. Spectral gap , $\epsilon$ $C^{1}$ -inertial
manifold $\mathcal{M}_{\epsilon}$ .
$\bullet$ $\mathcal{M}_{\epsilon}=$ graph $\Phi_{\epsilon}$ . , $\Phi_{\epsilon}$ $PH^{2}(\Omega;R^{m})$ $QH^{2}(\Omega;R^{m})$
$C^{\prime 1}$ - .
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$\bullet$ $u(t)$ , $t_{0}$ $v(t)\in \mathcal{M}_{\epsilon}$
$||u(t)-v(t)||_{H^{2}(\Omega;R^{m})}\leq C\Vert u(t_{0})-v(t_{0})\Vert_{H^{2}(\Omega;R^{m})}e^{-\gamma(t-t_{0})}$ $(t\geq t_{0})$
. $\gamma$ .
$\bullet$ $\epsilonarrow 0$ , $p\in PH^{2}(\Omega;R^{m})$
$\Phi_{\epsilon}(p)=\Phi_{0}(p)+O(\epsilon^{1+\delta})$ ,
$\frac{\partial}{\partial p}\Phi_{\epsilon}(p)=\frac{\partial}{\partial p}\Phi_{0}(p)+O(\epsilon^{\delta})$ ,
$\delta$ , $H^{2}(\Omega;R^{m})$ .
.
. , inertial form . Inertial form ,
(1.7) $p_{t}+Ap=PF(p+ \Phi_{\epsilon}(p))+\epsilon\sum_{=J1}^{N}\int_{\partial\Omega}DG(p+\Phi_{\epsilon}(p))\phi_{j}dS\phi_{j}$
. inertial manifold inertial
form .
.
1.1 $N=m$ . .
, $m$ $C^{1}$ -inertial manifold , inertial form
.
(1.8) $p_{t}+Ap=F(p)+^{\backslash } \epsilon\frac{|\partial\Omega|}{|\Omega|}DG(p)+\epsilon R(D, \epsilon, p)$
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, $R(D, \epsilon, p)$ $P$ $C^{1}$ . $\epsilon$
.
$|R(D, \epsilon,p)|$ $=O(\epsilon)$ ,
$| \frac{\partial R}{\partial p}(D, \epsilon, p)|$ $=O(\epsilon^{\delta})$ .
,
\S 3 .





, Lyapunov-Perron , Hadamard
. ,
– Cone Property – (STEP









$||u||=||u||_{L^{2}}$ $(u\in L^{2})$ .
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. $L^{p}(\partial\Omega;R^{m}),$ $W^{k,p}(\partial\Omega;R^{m})$ $H^{k}(\partial\Omega;R^{m})$
$L^{p}(\partial\Omega)=L^{p}(\partial\Omega;R^{m}),$ $W^{k,p}(\partial\Omega)=W^{k,p}(\partial\Omega;R^{m}),$ $H^{k}(\partial\Omega)=H^{k}(\partial\Omega;R^{m})$ ,
,





$Au=Au$ , $u\in D(A)$ .
$(\cdot, \cdot)_{1},$ $||\cdot||_{1}$ :
$(u, v)_{1}=(D^{\frac{1}{2}}\nabla u, D^{\frac{1}{2}}\nabla v)+(u, v)$ , $u,$ $v\in H^{1}$ ,
$||u||_{1}=(u, u)^{\frac{1}{1^{2}}}$ .
$||\cdot||_{1}$ $H^{1}$ -space . $1\leq n\leq 3$
$D(A^{s})=H^{2s})$ $s \leq\frac{3}{4}$
$D(A^{\frac{1}{2}})=H^{1}$ :




$=$ $||D \triangle u||^{2}+||u||^{2}-\int_{\Omega}(D\triangle u\cdot u+u\cdot D\triangle u)dx$
$\geq$
$||D \triangle u||^{2}+||D^{\frac{1}{2}}\nabla u||^{2}+||u||^{2}-2||D\frac{\partial}{\partial\nu}u||_{L^{2}(\partial\Omega)}||u||_{L^{2}(\partial\Omega)}$
$\geq$ $||D\triangle u||^{2}+||D^{\frac{1}{2}}\nabla u||^{2}+||u||^{2}-C||u||_{H}g||u||_{H}$ }
$\geq$ $C_{1}||u\Vert_{H^{2}}^{2}-C_{2}\Vert u\Vert_{H^{2}}\Vert u||$
$\geq$ $\frac{1}{2}C_{1}||u||_{H^{2}}^{2}-\frac{C_{2}^{2}}{2C_{1}}\Vert u\Vert^{2}$ .
, $A$ $\tilde{A}$ .
2.1 $u,$ $v\in H^{2}$ \rangle
(i) $C^{-1}||u\Vert_{H^{2}}\leq||\tilde{A}u||$ $C’||u||\leq C’||u||_{H^{2}}$ ,
(ii) $(u, \tilde{A}v)+\int_{c’\Omega}uD\frac{\partial v}{\partial\nu}dS=(u, v)_{1}=(Au, v)+\int_{\partial\Omega}vD\frac{\partial u}{\partial\nu}dS$ ,
(iii) $||A^{s}Pu||\leq\lambda_{N}^{s}||Pu||$ $(s\leq 1)$ ,
(iv) $||u||_{1}=||A^{\frac{1}{2}}Qu||\geq\lambda^{\frac{1}{N2}}||Qu||$ ,
$(v)$ $||u||_{W}$ $\leq C(||\tilde{A}u||_{1}^{\theta}+||u||^{\theta})||u||^{1-\theta}$ $(k- \frac{n}{p}+\frac{n}{2}\leq 3\theta\leq 3)$ ,
(vi) $||u||_{L^{\infty}}\leq C||\tilde{A}u||+C||u||$ ,
(vii) $||u||_{L^{2}(\partial\Omega)}\leq C||u\Vert_{1}$ .
STEP 2: $H^{2}$ absorbing
, absorbing , . $u_{0}$
,
$S(t)u_{0}\in B$ $(t\geq t_{0})$
$B$ .
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(1.4) , $H^{2}$ - absorbing .
(1.4) $u$ , ,




$\mathcal{B}_{0}=\{u\in H^{2}; ||u||\leq R_{0}\}$
$L^{2}$ absorbing . $H^{2_{-}}$ .
$\frac{1}{2}\frac{d}{dt}||\tilde{A}u||^{2}=$ $-(\tilde{A}^{2}u, Au)+$ ( $\tilde{A}F(u)$ , Au)
$=$ $-|| \tilde{A}u||_{1}^{2}+\int_{\partial\Omega}\tilde{A}uD\frac{\partial}{\partial\nu}\tilde{A}udS$
$+(D\triangle F(u),\tilde{A}u)+$ ( $F(u)$ , Au)
$=$ $-|| \tilde{A}u||_{1}^{2}+\int_{\partial\Omega}\tilde{A}uD\frac{\partial}{\partial\nu}(-u_{t}+F(u))dS$




$\Vert u||_{W^{1,4}}\leq C(||\tilde{A}u||^{\frac{7}{1^{12}}}+||u\Vert^{\frac{7}{12}})||u\Vert^{\frac{5}{12}}$ ,




$\frac{\partial}{\partial\nu}(-u_{t}+F(u))=-\epsilon G’(u)u_{t}+F’(u)\frac{\partial u}{\partial\nu}$ ,




( $\epsilon\geq 0$ ).
$\frac{1}{2}\frac{d}{dt}||\tilde{A}u||^{2}\leq-\frac{1}{2}||\tilde{A}u||_{1}^{2}+\frac{1}{2}R_{1}^{2}$.
, .
2.2 $\epsilon_{0}$ absorbing $B_{1}$ ,
$\mathcal{B}_{1}=\{u\in H^{2}; ||u||\leq R_{0}, ||\tilde{A}u||\leq R_{1}\}$ $(\epsilon\leq\epsilon_{0})$ ,
$R_{1}$ , $\epsilon\in[0, \epsilon_{0}]$ .
STEP 3:
STEP 1 $H^{2}$ -absorbing ,
absorbing . $B_{1}$
. , $R’$ :
$\mathcal{B}_{1}\subset\{u=p+q\in H^{2};||Ap||^{2}+||q||_{1}^{2}\leq R^{\prime 2}\}$ .
.




$\chi(r)=\{\begin{array}{l}1(0\leq r\leq R^{2})0(r\geq 4R^{2})\end{array}$
. (2.1) , absorbing
. , $H^{4}$ - absorbing
. STEP 1
.
2.1 (2.1) , absorbing $\mathcal{B}_{2}(\supset B_{1})$
:
$\mathcal{B}_{2}=\{u=p+q\in H^{2}; ||u||\leq R_{2}, ||\tilde{A’}u\Vert\leq 2R_{1}\}$ .
$R_{3}>0$ ,
$B=\{u=p+q\in H^{4}; ||u||\leq R_{2}, ||\tilde{A}u||\leq 2R_{1)}||\tilde{A}^{2}q||\leq R_{3}\}$
$H^{4}$ -absorbing . $R_{3}$ $N$ .
STEP 4: Cone Property
. $\Pi,$ $C$ .
$\Pi$ $=\{(X, Y)\in R^{2}; 0\leq X, 0\leq Y\}$ ,
$C$ $=\{(X, Y)\in R^{2},\cdot 0\leq X\leq Y\}$ .
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2.1 $C$ $\Pi$
$\{\Gamma_{\sigma}$ ; $\Gamma_{\sigma}=\{(X_{\sigma}(t), l_{\sigma}^{\nearrow}(t)\}_{t_{1}}\leq t\leq t_{2}\}h\Pi$ , $\sigma\in\Sigma\}$
Cone Property
(i) (X $(t_{0}),$ $Y(t_{0})$ ) $\in C(t_{1}\leq t_{0}\leq t_{2})t_{\grave{A}}\iota_{2}^{\backslash }$ , (X $(t),$ $Y(t)$ ) $\in C(t_{1}\leq t\leq t_{0})$
$Y(t)\leq Y(s)e^{-\gamma(t-s)}$ $(t_{1}\leq s\leq t\leq t_{0})$
.





Figure 1: Cone Property
2.1 (ii) $\Pi\backslash C$ .
2.2 2 $u_{1}(t),$ $u_{2}(t)$ $t_{1}\leq t\leq t_{2}$ $\tilde{l3}$ ,
$X(t)=||AP(u_{1}(t)-u_{2}(t))||,$ $Y(t)=||\tilde{A}Q(u_{1}(t)-u_{2}(t))||$
20
, Cone Property . $\tilde{f3}$
$\tilde{B}=\{p+q\in H^{4}; ||\tilde{A}^{2}q||\leq 2R_{3}\}$
.
( [21] ). , spectral gap
. $\gamma$ $\lambda_{N+1}\lambda_{N}\rangle$ .
Proof. $u_{1}(t),$ $u_{2}(t)$ 2 ,
$p_{J}(t)=Pu_{J}(t)$ , $q_{J}(t)=Qu_{J}(t)$ $(j=1,2)$ ,
,
$p(t)=p_{1}(t)-p_{2}(t)$ , $q(t)=q_{1}(t)-q_{2}(t)$
. (2.1) , $p(t)$ $q(t)$
$\{\begin{array}{l}p_{t}+Ap=f_{1}(p_{1}+q_{1})-f_{1}(p_{2}+q_{2})q_{t}+\tilde{A}q=f_{2}(p_{1}+q_{1})-f_{2}(p_{2}+q_{2})\frac{\partial q}{\partial\nu}=\epsilon g(p_{1}+q_{1})-\epsilon g(p_{2}+q_{2})\end{array}$












$u=p+q \in conv\{u\in H^{4}; \frac{\partial u}{\partial\nu}=\epsilon g(u) (x\in\partial\Omega), ||\tilde{A}^{2}q||\leq 2R_{3}\}$ ,
$\rho+\sigma,\tilde{\rho}+\tilde{\sigma}\in\{\rho+\sigma\in H^{4}; \exists v\in H^{2}s.t. \frac{\partial\sigma}{\partial\nu}=\epsilon\frac{\partial g}{\partial u}(v)(\rho+\sigma) (x\in\partial\Omega)\}$ ,
, $H^{4}$ $L^{2}(\partial\Omega)$ $h$
$h(u)= \frac{\partial g}{\partial u}(u)(-\tilde{A}u+f_{1}(u)+f_{2}(u))$ ,
.
(i) $||A \frac{\partial}{\partial u}f_{1}(u)(\rho+\sigma)||\leq(C+\epsilon C_{N}’)(||A\rho||+||\tilde{A}\sigma||)$ ,
(ii) $|| \tilde{A}\frac{\partial}{\partial u}f_{2}(u)(p+\sigma)||\leq(C+\epsilon C_{N})(||Ap||+||\tilde{A}\sigma||)$ ,
(iii) $|| \frac{\partial}{\partial\nu}\frac{\partial}{\partial u}f_{2}(u)(\rho+\sigma)||_{L^{2}(\partial\Omega)}\leq\epsilon C_{N}(||A\rho||+||\tilde{A}\sigma||)$ ,
(iv) $|| \frac{\partial}{\partial u}h(u)(p+\sigma)||_{L^{2}(\partial\Omega)}\leq C_{N}(||A\rho||+||\tilde{A}\sigma||_{1})$ .
.
(2.2) (2.3) $(i)-(iv)$
(2.4) $\{\begin{array}{l}\frac{1}{2}\frac{d}{dt}||Ap||^{2}\frac{1}{2}\frac{d}{dt}||\tilde{A}q||^{2}\end{array}$ $\geq\leq-\lambda_{N}||A_{1}p||-(C+\epsilon C)(||Ap||+||\tilde{A}q||)||Ap||-\Vert\tilde{A}q||^{2}+^{2}(C||\tilde{A}q\Vert+\epsilon^{N}C_{N}||\tilde{A}q||_{1})(||Ap||+||\tilde{A}q||))$
$\frac{\partial}{\partial\nu}q_{t}=h(u_{1})-h(u_{2})$










(2.6) $\frac{1}{2}\frac{d}{dt}(||\tilde{A}q||^{2}-\Vert Ap\Vert^{2})\leq-(\gamma_{2^{-\wedge}}\int 1)||\tilde{A}q||^{2}\leq 0$,
$C$ flow . (2.5) ,
. $\square$
STEP 5: Inertial manifold
Hadamard .
$PH^{2}$ $S(t)$ ,











, $\mathcal{M}_{t,\epsilon}$ 2 Cone Property . $\mathcal{M}_{t,\epsilon}$
.
PS $(t)$ : $PH^{2}arrow PH^{2}$





$u_{1}(t)=S(t)p_{1}$ , $u_{2}(t)=S(t)p_{2}$ ,




(X(0), $Y(0)$ ) $\in\Pi\backslash C$ .
$||\tilde{A}Q(u_{1}(t)-u_{2}(t))||\leq||AP(u_{1}(t)-u_{2}(t))||=||A(p-p)||=0$
, PS $(t)$ .
PS$(t)$ .
$E(t)=S(t)\{p\in PH^{2}; ||Ap\Vert\geq 2R’\}$
. $f_{1},$ $f_{2}$ , $t\geq 0$
. , $PH^{2}$
$p(\in PH^{2})arrow PS(t)p(\in PH^{2})$
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, proper .
. , $\mathcal{M}_{t,\epsilon}$ $PH^{2}$ $\Phi_{t,\epsilon}$
.
$\Phi_{t,\epsilon}$ $tarrow\infty$ . $t\geq s\geq 0$ ,
$p\in E(s)$
$\Phi_{t_{1}\epsilon}(p)=\Phi_{s,\epsilon}(p)$
. , $p\in PH^{2}\backslash E(s)$
(2.7) $\Vert\tilde{A}(\Phi_{t,\epsilon}(p)-\Phi_{s,\epsilon}(p))||\leq CR_{3}e^{-\gamma s}$
. , $\Phi_{t,\epsilon}$ $p\in PH^{2}\backslash E(s)$
$p=\Phi_{t,\epsilon}(p_{t})=\Phi_{s,\epsilon}(p_{s})$













. Lyapunov-Perron ( [3][9][10][18] [20] [21] [22]),
. Hadamard ([4] [5] [17]),

















(2.11) , $\rho^{s}(t;p_{0}, \xi),$ $\sigma^{s}(t;p_{0}, \xi)$ .
$sarrow-\infty$ , Cone Property , (2.11) .
$\rho(t;p_{0}, \xi),$ $\sigma(t;p_{0}, \xi)$ .










$\{X(t)^{2}=Y(t)^{2}=$ $\int_{t\Vert^{A(p(s,p}I^{\xi)-p(s,p)-\rho(s;_{)}p_{0)}\xi))||^{2}ds}}^{t}\int_{-\infty}e-\infty^{e_{2\gamma s}^{2\gamma s}}\tilde{A}(q(s,p_{0}^{0}\xi)-q(s,p_{0}^{0})-\sigma(s\cdot p^{0}’\xi))||^{2}ds’$
.
Cone Property Squeezing Property
.
2.2
S(K)={(X)) $\in R^{2};Y\geq X\geq 0,Y\geq K$ }
. 2 , Squeezing Property .
27
(i) (X $(t_{0}),$ $Y(t_{0})$ ) $\in S(K)(t_{1}\leq t_{0}\leq t_{2})f_{\grave{A}}1_{\grave{Q}}$ (X $(t),$ $Y(t)$ ) $\in S(K)(t_{1}\leq$
$t\leq t_{0}\leq t_{2})$
$Y(t)\leq Y(s)e^{-\gamma(t-s)}$ $(t_{1}\leq s\leq t\leq t_{0}\leq t_{2})$
.
(ii) $(X(t_{0}), Y(t_{0}))\not\in S(K)(t_{1}\leq t_{0}\leq t_{2})\gamma_{\grave{A}^{t_{\mathcal{D}}^{\backslash }}}$ (X $(t),$ $Y(t)$ ) $\not\in S(K)(t_{1}\leq$
$t_{0}\leq t\leq t_{2})$ . $X(t_{2})\leq K$
$0\leq X(t)\leq K$ , $0\leq Y(t)\leq K$ $(t_{1}\leq t_{0}\leq t\leq t_{2})$
.
$K=C_{N}||A\xi||^{|1+6}$ ,
. $C_{N},$ $\delta$ , spectral gaP . ,
$S(K)$ .
, (2.12) . . .
.
3 :inertial manifold inertial form
.
(3.1) $\{\begin{array}{l}u_{t}=d_{1}\triangle u+F(u)(x\in\Omega t)>0)v_{t}=d_{2}\triangle v(x\in\Omega,t>0)\end{array}$
(32) $\{\begin{array}{l}\frac{\partial u}{\partial\nu}=-\epsilon v\frac{\partial v}{\partial\nu}=\epsilon G^{t}(u,v)\end{array}$ $(x(x\in\partial\Omega, t>0)\in\partial\Omega,t>0)$
.
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. $F,$ $G$ $F(u)=u-u^{3}/3,$ $G(u, v)=u$
(Fig. 2 ).
$w$
Figure 2: $F,$ $G$
, , $\epsilon=0$
, . Laplace $0$
gap , inertial manifold (3.1)
. $\overline{u}_{)}\overline{v}$ , $P$
$P$ : $(\begin{array}{l}uv\end{array})arrow(\overline{u\overline{v}})$




van der Pol , z-w flow ,











$\{\begin{array}{l}u_{x}(t,0)=0u_{x}(t,1)=-\epsilon G(u(t,0),v(t,1))\end{array}$ $u_{x}^{x}(2)t)=0u(t,1)=-\epsilon v(0, t)$
,
$\Phi_{\epsilon}(z, w)=(\begin{array}{l}\Phi^{u}(z,w)\Phi^{v}(z,w)\end{array})$
(3.4) $\{\begin{array}{l}\Phi_{t}^{u}=\frac{1}{\epsilon}\Phi_{xx}^{u}+w+O(\epsilon)(t>0,0<x<1)\Phi_{t}^{v}=d_{2}\epsilon\Phi_{xx}^{u}-d_{2}\epsilon G(z,w)+O(\epsilon^{2})(t>0,1<x<2)\Phi_{x}^{u}(z,w)|_{x=0}=0,\Phi_{x}^{u}(z,w)|_{x=l}=-\epsilon w+O(\epsilon^{2})\Phi_{x}^{u}(z,w)|_{x=1}=-\epsilon G(z,w)+O(\epsilon^{2}),\Phi_{x}^{u}(z,w)|_{x=2}=0\end{array}$
. $\Phi_{0}(z, w)=0$ , $\epsilon$ .
30
(3.5) $\Phi(z, w)=\epsilon(\begin{array}{l}\Phi_{1}^{u}(z,w)\Phi_{1}^{v}(z,w)\end{array})+O(\epsilon^{1+\delta})$





. , $\Phi^{v}$ $\epsilon^{1}$ , :
(3.8) $\{\begin{array}{l}\frac{\partial}{\partial u}\Phi_{1}^{v}\cdot(F(z)-w)=d_{2}(\Phi_{1}^{v})_{xx}(z,w)-d_{2}G(z,w)(\Phi_{1}^{v})_{x}(z,w)|_{x=1}=-G(z,w)(\Phi_{1}^{v})_{x}(z,w)|_{x=2}=0\end{array}$
$zw$ , $F(z)=w$
(3.9) $\Phi_{1}^{v}(z, w)=(\frac{1}{6}-\frac{1}{2}(x-1)^{2})G(z, w)$ .
$(z(t), w(t))$ relaxed periodic orbit , $F(z)=w$ , slow
motion , $\Phi^{v}$ ( ) fast motion
. , $\epsilon$ ,
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